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The results of Ward, Janko and Thompson [I], [3] carry us a long way 
toward a characterization of E,*(q), the twisted Ga of Ree [2]. Building on 
these results, a further step is taken. This step may be described as the deter- 
mination of the 34ocal subgroups of the groups studied by Ward [3]. Since 
the &-subgroups are T.I. sets, this amounts to determining the normalizers 
of the &-subgroups. As the arguments are purely local, no reference to [1] or 
[3] is required. 
Let K be a finite field of characteristic 3 with q elements. For each auto- 
morphism o of K, let N(o) be the group of order @(q - 1) whose elements 
are the quadruples (OL, /?, y, 8) where (Y E K*, j3, y, 6 E R and 
THEOREM. Su~seqisanoddpowerof3,q>3,andRisagroupoforder 
@(q - 1) with the following properties: 
(a) W=V%,whereCpQ ‘%, I’$/=@, I%l=q-l,and%iscyclic; 
(b) ifRE!?IandR2#1, thenCA&R)=l; 
(c) [Cp, ‘p] is elementary of order q2; 
(d) [vu, Sp, 131 = Z(p) is elementary of order q; 
(e) if 1 is the inwolution of ‘3, then [y, y] = C,(j) x Z(Cp); 
(f) if P E [Cp, ‘PI - TN, then C,(P) = [‘% ‘$1; 
k> m 131 = QdY); 
04 if P E Y - [SI), PI, then $I@‘> = <P, .W)>. 
Then there is an automorphism a of k = GF(q) such that 
R N iv(u). 
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pr~f. LetP=%,[FD,(41 =%,[%Fp,sP1=%,1 =(P4,C~(J)=(Po. 
Let L be the Lie ring associated with the lower central series of ‘@, 
L=L,@Lz@L, whereLi=(Pi/Tpi+r, i=l,2,3. 
By (c) and (d), L, and L, are elementary abelian of order q. By (b) and (e), 
each element of R# induces a fixed point-free automorphism of L, . By (a), 
1 L, 1 = q, 1% ) = q - 1, and so L, is also elementary abelian of order q. 
By (h), if x EL, - {0}, then 1 L,x j = q/3, Lgc = L, . 
Let L* = k@ L, LT = k @ Li and convert L* to a vector space over k via 
X(K @ x) = AK @ X. Thus, L* is a Lie algebra over k and dim, LT = n, 
where q = 3”. 
Let G be the group of automorphisms of k, so thatL* as a Lie ring admits G 
via (K 0 x)’ = (KY @ x). The injection x -+ 1 @ x imbeds L in L* as the set 
of fixed elements of G. 
Since !$ admits %, so do L and L* in the obvious way. Thus, G and % 
commute elementwise. 
Since% is cyclic of order q - 1, there is an element I(,, of Lf - (0) such that 
UO R = x(R) u. for all R ES, where x E Horn (%, k*). By (b) and (e), 1 = ker x. 
Let u be a generator for G and set ui = u:‘, i = 0, l,... . Since 1 = ker x, 
it follows that {u. , ur ,..., u,+} is a basis for L:. In case G has a generator 
u. such that up * u. # 0, we assume that uoo * u. # 0, Since G fixes Ci-o n-1 ennui 
for all X in k, it follows that for each x in L, , there is h = h(x) in k such that 
1 @I X = c;:; Aoiui . The map x -+ h(x) is an isomorphism of L, and k+. 
Choose an integer i such that quo # 0. Since 1% 1 = q - 1, it follows that 
zljulc # 0 if and only if i - k = f i (mod n). -Hence 
If PO’ = CL, then x7,’ t~~‘u~ annihilates Cyzi uj . By (h), we get 
dim L: = dim Lz = n = 1 + dim L:(u, + -a. + u&, 
and so p lies in the prime field. Thus, ai is a generator for G, so by our 
convention, quo # 0. Let v. = uluo , vj = vi’, so that {v. , v1 ,..., s-i} is a 
basis for L$. 
Suppose uluouo = uluoul = 0. We will derive a contradiction. First, 
suppose ti = 3. In this case, if uiujuk # 0, then {i,i, k} = (0, 1,2}. But then 
the Jacobi identity yields the contradiction dim L$ < 2. Since n is odd, we 
get n 3 5. Suppose uluoui # 0. Thus, i # 0, 1. Since 
f4upi + %piu1 + v,u, = 0, 
either uoui # 0 or utul # 0. Hence, i = - 1 or i = 2. Hence, uiu,uk # 0 
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only if {i, j, k} = {a, a + 1, a + 2) for some a. Suppose lcluOuz = rug # 0. 
Let wi = wii so that {w,, wi ,..., w,+~} is a basis for Lg. Hence 
Hence (C wi) (x ui) = 0. This is not the case, since L, = L,x for all 
x ELM - (0) and dim L, = dim L, . Since uluOuz = 0, we conclude that 
uru,,u-r # 0, and so u2u1u0 # 0. Since ulu,,ua = 0, the Jacobi identity forces 
u,,uaul # 0, and so usus # 0. This is not the case since n > 5 and uaui # 0 
implies i = f 1 (mod n). 
Suppose uluOul # 0. Then u,,ulul # 0 and so u-~u~u,, # 0. Replacing cr 
by u- l if necessary, we may assume that ulu,,uO # 0. Let PO,, = w,,uO = ~rusu~ , 
wi = wg’ so that {w,, wi ,..., w,-r} is a basis for L.f. 
Suppose ulu,,ui # 0. Thus, i = - 1,0, 1,2 by the Jacobi identity. Let A 
be a generator for k*. Then Au+2 = h(“+l+oi)r for some automorphism T of k. 
Hence, (1, u} = {u’T, 7, A}. If 7 = 1, then i = 0. If T = u, then u2 E { 1, u}. 
This is not the case, since u generates G and n is odd. Hence, 2c1u,,ui # 0 if 
and only if i = 0. Hence, (CP*v,) (C &ui) = +zu, + e.1 .
We may now translate this information to 9. Let T be the unique element 
of ‘$3, such that 1 @ !&T = wa + zli + *.. + w,-, , and let X be the unique 
element of y, such that 1 @ X = ws + *** + w,-, . Let R be a generator 
for 9% and define p via z+,” = pus . Hence, wgR = pl+UwO . 
Define T = (1, 0, 1, 0), (1, 0, p ‘l+~)~, 0) = R-iT14”, (1, 0, - 1, 0) = T-l, 
(1, 0, - p(l+o)i, 0) = R-iT-lRi. S’ mce each element of ppo# is uniquely of the 
shape R-iT*lRi, we have labelled gpo unambiguously. Set 1 = (1, 0, 0, 0), 
(1, 0, 0, p(s+on) = R-iXRi. Since ‘%ys is a Frobenius group, we have labeled 
1)s unambiguously. Choose s so that (2 + u) s .e 1 (mod 4 - 1); s is available 
since Q,!X is a Frobenius group. Choose h in k*, h = pa = p(2+o)sa. Hence, 
(1, 0, 0, A) = R-SaXRsa. Since (1 @ P)R = 1 @ PR for all P in !#a ,
follows that 1 @ (1, 0, 0, A) = hw, + how, + 0.. + Pw+r . Hence 
(l,O, 0, A) (l,O, 0, p) = (l,O, 0, h + cc). Similarly, (l,O, (II, 0) (l,O, &O) = 
(1, 0, a + 8, 0). Define (1, 0, a, B) = (1, 0, a, 0) (1, 0, 0, B), and 
(pi, 0, 0,O) = Ri. Hence 
(K, 0, 0, 0)-l (1, 0, OL, /?)(K, 0, 0, 0) = (1, 0, CLKl+O, BK’“). 
The remaining labeling is more difficult. Let ‘g be the set of all elements P 
in ‘p such that 
1. j inverts P, 
2. 1 @rp$=uo fu, + ..* +unel. 
Since the set of elements of ‘p inverted by ] is a transversal to $3, in !$A and 
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since ‘p,, c ‘pa , it follows that @ # (d. Suppose P, Q E ‘g. Hence Q = PA with 
AE%, and A = A,A, with A,, E ‘p. , A, E ‘$, . Hence, Q-l = QJ = 
P-lAJ = P-lA,A,l = A;lA;lP-l. Since (ps = Z@), we get P-lA,, = 
A;lP-l, and so A, = 1 as 1 ‘p 1 is odd. Since J inverts (pa , we get ‘$ = !&P. 
Let P be a fixed element of fg and define (1, pi, 0,O) = R-“PRi. Then 
define (K, a, B, Y) = (K, 0, 0, 0) (1, 01, 0,O) (1, 0, /I, r). We first determine 
the portion of the multiplication table of % which does not depend on P but 
only on ‘$. Namely, we have 
since 
[(L 0, a, O), (1, B, O,O)l = (LO> 0>4$, 0) 
1~(p3(1,0,a,o)=awo+a~w1+“‘, 
1 O~,(LP,O,O) =B%l +Isou, + **** 
Also, 
(K,O,0,0)-1(1,OL,O,O)(K,O,0,0)=(l,aK,O,0). (2) 
Next, let [(l, a, 0, 0), (1, ,B, 0, 0)] = (1, 0, t(a, ,B), *). We find that 
t(a, /3) = - C@ + c+?, and clearly t depends only on ‘g. Since $ = ‘t&P, 
it follows that (1, a, 0, O)s = (1, 0, 0, g(a)), where g depends only on $. 
Conjugation by the elements of X yields (1, a~, 0, 0)s = (1, 0, 0, g(a) K~*), 
so if (1, 1 , 0, 0)3 = (1 , 0, 0, c), then (1, a, 0,O)s = (1 , 0, 0, ca2*) for all 01 in k. 
We will show that 
c = 1. (3) 
Since (3cy)3 = x3ysb, X, X] b, X, y]-l for all X, y in ‘p, and since 
(1, a, 0,O) (1, /I, 0,O) = (1, OL + /3, *, *), it follows that 
c(a + py+o = ca2+u + c/92* + (pa - /9d) (a - 8). 
Since (a + /I) s* = (“P + 8”) (a” - ap + p2), (3) follows. Finally, we have 
(4 0, 0,0)-l (1, a, B, Y) (4 0, 0, 0) = (1, a4 Pd*, y2*). (4) 
Let(l, a,O,O)(l,P,O,O) = (1, a +8, ~(a,@, *), wherea(a,B) = a(a, B; P>- 
Conjugation of this equation by J yields (1, - a, 0,O) (1, - 8, 0,O) = 
(I, - a - 8, a(a, p), *), so that u(a, /3) = u(- a, - /3). Hence 
(I,---,O,O)(L -~8,0,0)(1,a,0,0)(1,B,0,0) 
= [Cl, a, 0, O), (L&O, ON = U,O, 4 - a@, *) 
= (1, - a - B, a(a, B), *) (1, a + 8, da, P), *I = (l,O, - 4a, 8h *h 
where we are using (1, - a, 0,O) = (1, a, 0,0)-l. 
481/7/3-9 
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Hence, 
4% B) = 4+ - a% 
so that a depends only on $3. 
(5) 
Thus to complete the proof, it suffices to show that there is an element P 
6f ‘g such that 
k(a, p; P) = ay3” + ap+~ - a‘yF, (6) 
where 
(1, a, 0, 0) (1, B, 090) = (1, a + B, aP - q% h(a, B; P)). 
Suppose Z E $3, . We will determine h(a, /3; P) - k(a, /I; PZ). Let 
Z = (1, 0, 0, t;), PZ = (1, 1, 0, t;), R-‘PZP = (1, p”, 0, &~~‘~b’). Now 
(1, a, 0, w+9 (1, B, 0, 51s2”) 
= (1) a + @, a/P - aup, &xa+~ + Pa+9 + Na, 8; 3) =(l,a + B, 0, 5(a +B)“+Q). 
(1, 0, o$P - a$ - [(a + /3)2+0 + h(a, /3; P) + [(a2+0 + 8”“)). Hence, 
h(a, /3; PZ) = h(a, j3; P) + [(a2+‘T + p2+~ - (a + /3)2*), so that 
Na, B; P) - &a, B; PZ) = [(a - 8) (aP - 4). (7) 
Let &(a, /I; P) = h(a, /3; P) - tip2 - a/3191+0 + a2p. Thus it suffices to show 
that there is c in k such that 
h&a, /?; P) = c(a - 8) (q9 - c@). 
Using the associativity of the multiplication in ‘p, we compute 
(1, a, 8, r) (1, A, II, V) (1, [,T, 5) in two ways. This yields the following infor- 
mation about h(a, j3; P): 
h(a, 4 + h(a + 4 5) - W, 5) - h(a, h + 5) = ((&A - do). (9) 
Sjnce the function g(a, ,3) = aup + a/?l+O - a2,!P satisfies (9), it follows that 
&(a, 8 + Ma + A 6) - Wt 5) - &(a, A + 5) = 0, (10) 
where hs(a, @) = &(a, /3; P), h(a, j?) = k(a, /I; P). The equation 
(1, a, 0,O) (1,/I, 0,O) = (*, *, *, k(a, /3)) implies that 
k(aK, PK) = h(a, f9) K2+s. (11) 
Since the function LP,~?~ + c++~ - 2 a p satisfies (11) it follows that 
he(aK, ,8K) = h,(iu, ,8) Kefo. w 
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Letf(a) = h,,(ar, 1; P), so that 
kl(% B) =fk&l) p+o. (13) 
Thus, it suffices to show that 
f(a) = c(a - 1) (a - o?) (14) 
for some c in k. Using (10) and (13) we have 
f(ah-1) Aa* +f((a + A) S-1) t2+0 -f(W’) 58* 
-f(a(h + 0-l) (A + 5)“” = 0. (15) 
We setf(ao) = 0, so that (15) holds for all OL, A, 6 in K. 
Since (1, OL, 0,0)-l = (1, - OL, 0, 0), it follows that h((~, - CY) = 0. Hence, 
f(- 1) = 0, f(O) = 0, (16) 
sincel”(- l)a+l .(-l)‘*-- 12(-l)o=0.Since(l,or,0,0)(1,ar,0,0)= 
(1,01,0,0)-l (1, OL, 0, O)s = (1, - OL, 0, 0) (1, 0, 0, a22+~), it follows that 
h(a, a) = c?*, so that h(1, 1) = 1. Hence 
f(l) = 0, (17) 
since 1” * la + 1 * llk - la * lo = 1. 
Let a be a fixed generator for k*, and let d = f(a). Define 
c = d(a - 1))’ (a - a~)-~, and then definef,,(a) = f (a) - c(a - 1) (a - ti). 
Thus, f0 satisfies (15) and f, vanishes on 0, f 1, a. Replacing f by f. corre- 
sponds to replacing P by PZ for some 2 in (4a , so we assume without loss of 
generality that 
f(0) =f(l) =f(- 1) =f(a) =o. 
Let x = A/&!, y = a/l. We may rewrite (15) as 
(18) 
f (Z) x2+0 +f (x + y) -f (4 -f (&) (1 + q+u = 0. (19) 
Let y = - 1 - x, so that (18), (19) yield 
-1-x f ( x )x2+. -f(x) =o. 
Let y = - x, so that (18), (19) yield 
-f(x) --f(G)(l +.>a+, =o. 
(20) 
(21) 
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Thus (20), (21) yield 
- f ( 
-1-x 
x ) x2+0 = f (S) (1 + x)2+0. (22) 
Thus, (22) yields 
f(x-1) =f(x) x-2-0, all x in k. (23) 
In (19), interchange x and y and use (23) to obtain 
f (2) x2+0 +f(x +r> -f(Y) -f (j+) (1 +Y12+” = 0. (24) 
Now (19) and (24) yield 
f(x) +f &) (1 + 4 2+o =f(Y) + f (&) (1 + Y>““* 
In (25), let y = - 1 - x, and use (18) to get 
f(x) =f(- 1 - x). 
Now set x =y2 - 1 in (25) to obtain 
f(y” - 1) +f(Y-‘>Y2(2+o) =f(r> +f(y - 1) (1 +Y12+“* 
Using (26) and (23) in (27) we get 
f(- Y”> +f(YlY2+o -f(r) +-fc- Y)U + YY+“* 
(25) 
06) 
(27) 
(28) 
In (28), replace y by - y, eliminatef( - y2) and obtain 
f (Y> (Y + 1) =f(- Y) (Y - 1). (2% 
Now (28) and (29) yield 
f(Y”) =f(r) (Y + 1) (Y + Y9 (30) 
Replace x by ys - 1 and y by - y in (25), to get 
f (y” - 1) -+f( - y-2) yS@+o) = f(-Y) +n- 1 -Y -Y2) (1 -Y)2+u. (31) 
Since - 1 - y - y2 = - (y - I)“, we may use (30), (29), (26) and (23) 
to obtain a relation between f(y) and f(ys). We state the results of this 
calculation: 
fW) =f(r) (Y - 1)” (Y2 + Yl+O + YY- (32) 
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Set k(y) = (y - 1) (y - y’) so that (32) may be rewritten as 
Let 3 be the set of all maps f : K + K which satisfy (18) and (19). We wish 
to show that ?j = (0). For each f in 3 - {0}, let Y = r(f) be the smallest 
positive integer such that f(ar) # 0. Choose f in ?j - (0) so that y(f) is 
maximal. Let r = r(f), c =f(ar). Let T be an automorphism of k, and let 
g(x) = (f(xT-‘)p. We will show that g(.z) = b,f(x) for all x in K, where b, 
depends only on T. In any case, g satisfies (18), by (33). In (19), replace x, y 
by x7-l, y’-l respectively, and then apply r to the resulting equation to obtain 
that g satisfies (19). By (33), r(g) = y(f). Let g(a+) = d. Then cg - df =f,, 
satisfies (18) and (19), andjo = 0, s = 0, l,..., Y. By constructionf, = 0, 
so we may take b, = d/c. Taking 37 = 1, we find that c7f(x) =f(3CQ)7, or 
equivalently, 
c,“f(xY =f(x”). WI 
Since f # 0, so also c, # 0. Since K(y9) = K(Y)~, (33) and (34) imply that 
c,” is square in k. Let e be a square root of c,s. Replacing f by ef, we may 
assume that 
fc4" =fW* (35) 
Now (33) and (35) yield f (x)” = f (x) k(@, and so 
f (4 = W4 - 44, (36) 
where b(x) = 0, -f 1. 
Let s be the largest positive integer such thatf (cs + era + *** + c@) = 0 
for all ca , c1 ,..., c, E F3: s is available by (18), (26), (29). It follows from (26), 
(29) that f (x) = 0 if and only if f (x - 1) = 0. Let 
with f (x,,) # 0. Replacing f by - f if necessary we may assume that b(x,,) = 1. 
We may also assume that c,, = 0. In (25), replace x by x,, and y by a - 1, 
obtaining 
f (ql) + f @ (1 + %)2+0 = 0. 
In (24), replace x by x,, - a and y by a, obtaining 
f (x0) -f (yy-g (1 + u)Z+o = 0. 
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Let 
c=--b(+-), v=+y-f), B=xo--xo~, 
Thus, 
C = ax,u + a - &x0 - aQ. 
f(%> = 4%) = 6% - 1)B = -f(S)@ +%I)” 
=ck(f$) (1 +xJ2*=e(a+1 -.zJ(B+C) 
Hence 
and so 
(1 + a)* = 7(x0 + a - 1) (B - C). 
Ma + 1 -%> + 1 - x0} B + ,(a + 1 - x0) C = 0, 
Mx0 + a - 1) + 1 - x0> B - 7(x,, + a - 1) C = 0, 
•(a+l-~O)M~,+a-l)+l--O} 
= - 7(x0 + a - 1) &(a + 1 - x0) + 1 - x0}. 
Since c2 = v2 = 1, there are four cases. Since - 1 is not a square in k, all 
possibilities are excluded. This completes the proof. 
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